We discuss second-order cosmological perturbations on super-Hubble scales, in a scalar field dominated universe, such as during single field inflation. In this contest we show that the gauge-invariant curvature perturbations defined on the uniform density and comoving hypersurfaces coincide and that perturbations are adiabatic in the large scale limit. Since it has been recently shown that the uniform curvature perturbation is conserved on large scales if perturbations are adiabatic, we conclude that both the uniform and comoving curvature perturbations at second-order in a scalar field dominated universe are conserved.
comoving curvature perturbations -coincide and are both conserved on large scales for adiabatic perturbations [12] . On the other hand, when the universe is dominated by a single scalar field, such as during inflation, one can easily show that perturbations are adiabatic on large scales [13, 14] . By adiabatic we intend that the entropy perturbation (defined below) vanishes.
At second-order some results have been recently established on the conservation properties of these variables. In [1] it has been shown that it is possible to define a gauge invariant quantity, the secondorder generalization of the uniform curvature perturbation, which is conserved if the entropy perturbation of the content of the universe vanishes. Furthermore, in [8] two conserved (although not gauge invariant) quantities (originally defined in [15] ) have been used to compute the level of non-Gaussianities produced from inflation (see also [5] ).
In this note we show, using the Einstein energy and momentum constraint equations at perturbed second-order, that the gauge invariant uniform and comoving curvature perturbations ζ and R, given as the sum of a first and a second-order contribution to be defined below,
Furthermore, we generalize at second-order the well-known first-order result that the non-adiabatic entropy perturbation of a scalar field on large scales is proportional to the sum of the uniform and comoving curvature perturbations (see e.g., [13] ), and thus vanishes,
where ρ and P are the density and pressure of the field, and δρ = δρ (1) + 1 2 δρ (2) and δP = δP (1) + 1 2 δP (2) are their perturbations up to second order. Therefore, since the conservation of ζ at secondorder has been shown to hold under the condition that the entropy perturbation of the content of the universe vanishes, i.e., when S = 0 [1], our conclusion implies that both the uniform and the comoving curvature perturbations are conserved on super-Hubble scales when the universe is dominated by a single minimally coupled scalar field,
The advantage of using a conserved curvature perturbation to compute non-Gaussianities produced in single field inflation is clear: since the comoving curvature perturbation is conserved on super-Hubble scales, non-Gaussianities in this variable can only be generated inside the Hubble radius due to the self-coupling of the inflaton fluctuations in the vacuum, and are later conserved in their super-Hubble evolution [8] . Only the presence of more than one field, which makes the entropy perturbation non-zero, can source the comoving curvature perturbation and generate non-Gaussianities on large scales. Examples of this last case are discussed in [16] using the uniform curvature perturbation.
We begin with a review of the first-order results. Then we define the gauge invariant second-order uniform and comoving curvature perturbations for a scalar field and show that the source of their evolution equation, the non-adiabatic pressure perturbation, vanishes on large scales. By virtue of the results of [1] , we conclude that these variables are conserved. The equality symbol "=" means here equal on all scales, while "≈" stems for equal only on super-Hubble scales.
We work with conformal time and use the perturbed FriedmannRobertson-Walker metric in the so called generalized longitudinal gauge [2] ,
where we can expand the (spatially dependent) metric perturbation variables at first and second-order,
ij is only second-order and divergence-free, ∂ i χ i j = 0. A dot stems for derivative with respect to conformal time and H =ȧ/a. The universe is dominated by a perturbed scalar field with background expectation value ϕ = ϕ(η) and energy density ρa 2 = 1 2φ 2 + a 2 V and pressure P a 2 = 1 2φ 2 − a 2 V . The scalar field perturbation can be expanded into a first and a second-order
2 + a 2 V ), where κ 2 = 8πG. We shall use the background scalar field evolution equation, ρ = −3Hφ 2 /a 2 , orφ + 2Hφ + V ′ = 0, where V ′ is the derivative of the scalar field potential with respect to the field. We shall also repeatedly make use of the relation κ 2φ2 /2 = H 2 −Ḣ, which can be derived from the Friedmann equation. The adiabatic speed of sound of the scalar field is c 2
At first-order, the perturbed energy and momentum constraints read (see e.g., [13] )
with δρ (1) a 2 =φδφ (1) − φ (1)φ2 + V ′ a 2 δϕ (1) , and
We define the uniform curvature perturbation and the comoving curvature perturbation as [12, 17] 
On using the energy and momentum constraints, Eqs. (5) and (6), at first-order one can show that the uniform density and uniform field (or comoving) hypersurfaces coincide on large scales. Indeed we have,
Thus, uniform and comoving curvature perturbations coincide on large scales, up to a sign,
Equation (8) also yields
For a general fluid and in absence of anisotropic stress, both curvature perturbation variables are sourced by the non-adiabatic pressure perturbation 1 , δP
Indeed their evolution is given by [17] 
where v (1) is the scalar component of the four-velocity of the fluid. However, for a scalar field δP (1) a 2 = ϕδϕ (1) − ψ (1)φ2 − V ′ a 2 δϕ (1) = δρ (1) a 2 − 2V ′ a 2 δϕ (1) and the definition (11) yields [13] H δP
where we have used Eq. (9) for the second equality. This implies that both uniform and comoving curvature perturbations are conserved on large scalesζ
Now we generalize these results to second-order. For simplicity we use that ψ (1) = φ (1) for a scalar field. 2 (Note however that ψ (2) = φ (2) [2] .) We shall consider the perturbed energy and momentum constraints only on large scales. At second-order these read [2] 6H(
and
We can use the first-order momentum constraint to write the last term in the first line of Eq. (17) as
and we can replace δφ (1) in the second line of Eq. (17) by the expression (10) . By this replacement we find a much simpler form for the perturbed momentum constraint at second-order, that holds only on large scales,
(19) We can combine this equation and the second-order energy constraint, Eq. (16), to eliminate the termψ (2) + Hφ (2) obtaining
where we have made use of Eq. (6) . This relation between the energy density and the field perturbations is the second-order analog of Eq. (8) and we shall use it below to show the equivalence between the two curvature perturbations. The second-order uniform curvature perturbation has been defined in [1] . On large scales it reads
We define the second-order comoving curvature perturbation as 3
These quantities are defined up to small scale terms. One can check that they are gauge invariant on large scales. 4 The sum of these two variables becomes easy to compute once Eq. (20) is known. Indeed
Our definition differs from the one given in [2] ,
ABMR fails to be conserved on large scales. Even for adiabatic perturbations we haveṘ
Pl V ′′ /V are the standard slow-roll parameters. 4 One can also check that the second-order variables used in [8] , ζ M , can be obtained, on large scales, from ζ M = −R (1) − 1 2 R (2) + R (1)2 on using the flat gauge, where ψ = 0, and the uniform field (or comoving) gauge, where δφ = 0.
by virtue of Eqs. (9) and (15) . Thus ζ (2) ≈ −R (2) . The large scale evolution equation of the second-order uniform curvature perturbation has been derived in [1] . On large scales, for a general fluid it yieldṡ
nad + 6Ḣ ρ δP (1) nad + 4ζ
(1)
where the non-adiabatic second-order pressure perturbation is defined as [1] δP
Equation (23) implieṡ
nad − 4R
(26) For a scalar field δP (1) nad ≈ 0, from Eq. (14) . Thus δP (2) nad is the only possible non-vanishing contribution on the right hand side of Eqs. (24) and (26). Now we show that δP (2) nad vanishes as well. From the large scale definition of δρ (2) and δP (2) [2] ,
we find δP (2) ≈ δρ (2) − 2V ′ a 2 δϕ (2) − 2V ′′ a 2 δϕ (1) 2 . This yields H δP 
by virtue of Eq. (23). The second-order non-adiabatic pressure perturbation of a dominating scalar field vanishes on large scales, δP
nad ≈ 0, i.e., single scalar field perturbations are adiabatic on large scales to second-order. Equations (23) and (29) are our main results. As a consequence, ζ (2) and R (2) as defined by Eqs. (21) and (22) are both conserved,ζ (2) ≈ −Ṙ (2) ≈ 0.
Note added: While writing this note, a proof of the conservation and equivalence of the uniform and comoving curvature perturbations on large scales without perturbative expansion based on a coordinate free approach has been given in [18] .
